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Abstract
The modified Chaplygin gas (MCG) cosmological model is derived by using the geometrother-
modynamics (GTD) formalism. We show that the MCG corresponds to a system with internal
thermodynamic interaction and describes the current accelerated expansion of the universe. More-
over, we also show that the MCG can be interpreted as a unified model for dark energy and
dark matter that is perfectly consistent with the current SNe observations and CMB anisotropy
measurements.
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I. INTRODUCTION
A growing number of observational data indicate that the observable universe is under-
going a phase of accelerated expansion [1]-[10]. The most popular explanation for these
unexpected observations states that the source of this cosmic acceleration is due to an un-
known dark energy component with a negative pressure, which dominates the universe at
recent cosmological time. Several mechanisms have been proposed to describe the physical
nature of this dark energy component; among them, the single-component fluid known as
Chaplygin gas has attracted a lot of interest in recent times [11]-[27]. Many variants of
the Chaplygin gas model have been proposed in the literature. A further general model
named modified Chaplygin gas (MCG) has been introduced by Benaoum [28] and obeys the
following equation of state:
p = Aρ−
B
ρα
(1)
where A,B and α are universal positive constants.
The equation of state with A = 0 and α = 1 known as Chaplygin gas (CG) was first
introduced by Chaplygin to study the lifting forces on a plane wing in aerodynamics. Its
generalized form with A = 0 and α > 0 is known as the generalized Chaplygin gas (GCG)
was first introduced by Kamenshchik et al. [29] and Bento et al. [30].
The MCG has the remarkable property of describing the dark sector of the universe (i.e.
dark energy and dark matter) as a single component that acts as both dark energy and dark
matter. It interpolates from a matter- dominated era to a cosmological constant-dominated
era. It is well known that the CG, MCG and theirs variants have been extensively studied in
the literature [31]-[33]. Several papers discussing various aspects of the behavior of MCG to
reconcile the standard cosmological model with observations have been considered [36]-[39].
Geometrothermodynamics (GTD) is a formalism that has been developed during the past
few years to describe ordinary thermodynamics by using differential geometry [40]. This
formalism has found diverse applications in black hole thermodynamics [41], relativistic
cosmology [42], mathematical chemistry [43], and others.
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In this work we derive the MCG cosmological model by means of GTD. In particular, we
combine thermodynamic and geometric considerations in the GTD framework, and find out
the equation of state of the MCG which can explain the recent cosmological observations.
This work is organized as follows. In Section 2, we briefly review the fundamentals of GTD.
Then, in Section 3, we present the MCG cosmological model that follows from a GTD system
with thermodynamic interaction. In Section 4, we study the MCG cosmological model by
using Type Ia supernovae observational data from Union 2.1 compilation. Finally, in Section
5, we discuss our results.
II. GEOMETROTHERMODYNAMICS
Geometrothermodynamics is a differential geometric formalism for thermodynamics. The
starting point of this formalism is a (2n+1)−dimensional contact manifold T , called phase
space, which is endowed with a Riemanian metric G and a contact 1-form Θ. A set of coordi-
nates {ZA}A=1,...,2n+1 = {Φ, E
a, Ia}a=1,...,n are introduced where Φ represents the thermody-
namic potential and Ea and Ia represent extensive and intensive thermodynamic variables,
respectively.
An important property of GTD is that all its geometric objects are constructed such that
they are invariant with respect to Legendre transformations. In classical thermodynamics,
this is equivalent to saying that the physical properties of a given thermodynamic system do
not depend on the choice of thermodynamic potential used for its description. A particular
GTD metric G which is invariant with respect to partial and total Legendre transformations
can be written as (summation over all repeated indices is implied)
G = Θ2 + Λ (EaIadE
adIa) (2)
where the fundamental Gibbs 1-form is Θ = dΦ− δabI
adEb and Λ is a real constant, which
can be set equal to one without loss of generality.
The equilibrium n-dimensional submanifold E ∈ T is defined by the smooth map,
ϕ : E −→ T
{Ea} −→ {Φ(Ea), Ea, Ia(Ea)} (3)
such that the condition ϕ⋆(Θ) = 0 is satisfied, implying that the first law of thermody-
namics is satisfied on E . Applying the pullback ϕ⋆ to the metric G, we get the induced
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thermodynamic metric g given by:
g = ϕ⋆(G) =
(
Ea
∂Φ
∂Ea
)
∂2Φ
∂Eb∂Ec
δabdEadEc (4)
According to the GTD prescription, one only needs to specify the fundamental equation
Φ = Φ(Ea) in order to find explicitly the metric g of the equilibrium submanifold E .
III. MODIFIED CHAPLYGIN GAS FROM GTD
We choose the entropy S = S (U, V ) to be the thermodynamic potential and U , V to be
the extensive variables. Then, the corresponding thermodynamic phase space T is a five
dimensional space endowed with the set of independent coordinates ZA = {S, U, V, 1
T
, P
T
}.
The Gibbs’ fundamental 1-form ΘS is given by:
ΘS = dS −
1
T
dU −
P
T
dV . (5)
By defining the space of equilibrium states E by ϕ⋆S(ΘS) = 0, we obtain both the first law
of thermodynamics,
dS =
1
T
dU +
P
T
dV , (6)
and the equilibrium conditions,
∂S
∂U
=
1
T
∂S
∂V
=
P
T
. (7)
To construct the modified Chaplygin gas (MCG) model by means of GTD, we consider
the fundamental equation
S = c0 lnV +
c1
1 + β
ln
(
Uα+1 + c2V
β+1
)
, (8)
where c0, c1, c2, α and β are real constants. This function is a solution of the Nambu-Goto
system of differential equations
ZA =
1√
det(g)
(√
det(g)gabZA,a
)
,b
+ ΓABCZ
B
,bZ
C
,c g
bc = 0 (9)
where  is the d’Alembert operator and ΓABC are the Christoffel symbols associated with
the metric GAB of the phase space. The above system of differential equations follow from
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the variational principle δ
∫
E
√
det(g)dnE = 0, which implies that the equilibrium space E
with metric g constitutes an extremal subspace of the phase space T .
According to Eq.(3), the induced metric in the space of equilibrium states E is given as
follows
g = gUUdU
2 + 2gUV dUdV + gV V dV
2 , (10)
where the components of the thermodynamic metric g can be expressed as
gUU = c
2
1(1 + α)
2 αc2V
1+β − U1+α
(1 + β)2 (U1+α + c2V 1+β)
2 ,
gV V = −
1
V 2
(
c0 + c1c2
V 1+β
U1+α + c2V 1+β
)(
c0 + c1c2V
1+β c2V
1+β − βU1+α
(U1+α + c2V 1+β)
2
)
,
gUV = −
(1 + α)c1c2U
αV β
2(1 + β) (U1+α + c2V 1+β)
2
(
c0 +
c1(1 + α)U
1+α + (1 + β)c2V
1+β
U1+α + c2V 1+β
)
. (11)
Using the induced metric, we obtain the scalar curvature for the particular case β = α
as:
R =
N (U, V )
D (U, V )
, (12)
where
N (U, V ) = −8(α + 1)2c2V
α+1
(
c2V
α+1 + Uα+1
)3
(c32(c0 + c1)
×
[
(3α− 5)c20 + (9α− 5)c0c1 + 4αc
2
1
]
Uα+1V 3(α+1)
+c0c2
[
(α− 7)c20 − (α− 1)c
2
1 − 2c0c1
]
U3(α+1)V α+1
−2c20(c0 − c1)U
4(α+1) + c42(c0 + c1)
2 [(α− 1)c0 + 4αc1]V
4(α+1)
+3c0c
2
2(c0 + c1) [(α− 3)c0 + (α− 1)c1]U
2(α+1)V 2(α+1))
D (U, V ) = c1(c
2
2
[
c20(α
2 + 14α− 11)− 2c0c1(α
2 − 6α+ 5) + c21(α
2 + 6α+ 1)
]
U2(α+1)V 2(α+1)
+c42(c0 + c1)
2(α2 + 6α + 1) V 4(α+1)
+2c32(c0 + c1)
[
c0(α
2 + 8α− 1)− c1(α− 1)
2
]
Uα+1 V 3(α+1)
−4c20U
4(α+1) + 4c0c2 [c0(α− 3) + c1(α− 1)]U
3(α+1)V α+1)2 . (13)
The Legendre invariant scalar curvature is in general non-vanishing which indicates the
presence of internal thermodynamic interaction. In Figures 1 and 2, we have shown the
three-dimensional behavior of the thermodynamic scalar curvature R as a function of the
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energy U and the volume V for different values of α and β. It is interesting to note that
even for β = α = 0 the scalar curvature does not vanish because of the presence of the
parameter c0.
FIG. 1: Contour plot of the curvature versus the energy U and the volume V for α = 1, β = 2, c0 =
0.3, c1 = 0.9 and c2 = −0.5.
FIG. 2: Contour plot of the curvature versus the energy U and the volume V for β = α = 0, c0 =
0.3, c1 = 1. and c2 = −0.1.
The conditions of equilibrium (7) give
∂S
∂U
=
c1(1 + α)
1 + β
Uα
U1+α + c2V 1+β
=
1
T
(14)
∂S
∂V
=
c0
V
+ c1c2
V β
U1+α + c2V 1+β
=
P
T
, (15)
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which lead to an equation of state
P =
c0
c1
(
1 + β
1 + α
)
ρ+ c2
(
1 + β
1 + α
)(
1 +
c0
c1
)
V −(α−β)
ρα
. (16)
By defining A = c0
c1
(
1+β
1+α
)
, B = −c2
(
A+ 1+β
1+α
)
, the above equation can be written as
P = A ρ−
BV −(α−β)
ρα
(17)
which for β = α is the MCG equation of state. From this equation one can see that for
β 6= α, it corresponds to the variable modified Chaplygin gas.
One of the advantages of knowing the fundamental equation (8) explicitly is that it can be
used to derive the complete thermodynamic information of the system. In particular, two
thermodynamic quantities are important for the cosmological model under consideration,
namely, the temperature, which follows from Eq.(14),
T =
1
c1
(
1 + α
1 + β
)
ρV
(
1 + c2ρ
−α−1V β−α
)
, (18)
and the heat capacity
CV = −
(
∂S
∂U
)2
∂2S
∂U2
= c1
(
1 + α
1 + β
)
1
1− αc2ρ−α−1V β−α
. (19)
The arbitrary parameters which enter Eq.(18) must be chosen such that the temperature is
always positive definite. Moreover, from the heat capacity one can infer the phase transition
structure of the system. Indeed, for a phase transition to take place (CV →∞), the condition
c2
ρα+1V α−β
=
1
α
(20)
must be satisfied. If we also take into account that the temperature must be positive definite
to be physically meaningful, then the above condition implies that
c1α(1 + β) > 0 . (21)
This means that only for this particular choice of the free parameters a physical phase tran-
sition can occur. Since we have three different parameters available to satisfy this condition,
one could in principle generate models with and without phase transitions. However, obser-
vations should impose additional limits on the range of values of the parameters entering
each model.
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IV. MCG COSMOLOGY
We consider a Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) universe described by the
following metric:
ds2 = −dt2 + a2(t)
[
dr2
1− kr2
+ r2dΩ2D−1
]
. (22)
Here a(t) is the scale factor of the universe and the curvature k = 0,±1 describes spatially
flat, closed or open spacetimes, respectively.
The Einstein field equations
Rµν −
1
2
gµνR = Tµν (23)
for an one-component perfect fluid
Tµν = P gµν + (ρ+ P ) uµuν (24)
lead to the Friedmann equations which govern the evolution of the scale factor:
H2 =
2 ρ
(D − 1)(D − 2)
−
k
a2
, (25)
H˙ =
1
D − 2
(ρ+ P ) +
k
a2
. (26)
Moreover, the conservation law equation reads
ρ˙+ (D − 1) H(ρ+ P ) = 0 (27)
with H = a˙
a
being the Hubble parameter. Here, we assume that c = 1 and 8piG = 1.
Assuming that ρ as a function of time can be represented as a function of the scale factor
ρ(a), the conservation law can be integrated in a straightforward manner. To this end, we
assume the GTD equation of state (17) for the particular case β = α. Then, the solution
can be written as
ρ =
[
B
A+ 1
+
C
a(D−1)(α+1)(A+1)
] 1
α+1
, (28)
where C is a constant of integration.
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Consider now the particular case D = 4. It is convenient to recast the above expression
in the form
ρ = ρ0
[
As + (1− As)a
−3(A+1)(α+1)
] 1
α+1 (29)
where ρ0 is the present value of the dark energy density and As =
Bρ1−α
0
1+A
.
Now, using the redshift formula z = 1
a
− 1, the Hubble parameter is obtained as:
H2 (z)
H20
=
[
Ωm(1 + z)
3 + (1− Ωm)(As + (1−As)(1 + z)
3(A+1)(α+1))
1
α+1
]
. (30)
Here Ωm =
ρm
H2
0
is the present value of the dimension density parameter for matter and
H0 ∼ 72km.s
−1.Mpc−1.
The main evidence for the existence of dark energy was provided by Supernova Type Ia
experiments. This means that the existence of dark energy is directly related to the redshift
of the universe. Therefore, since 1995 two teams, the High Redshift Supernova Search and
the Supernova Cosmology Project, have been working intensively and, as a result of their
efforts, the have discovered several type Ia supernovae at high redshifts. The observations
directly measure the distance modulus of a Supernovae and its redshift z. Here we will
consider the recent observational data,including SNe Ia which consists of 557 data points
and belongs to the Union 2.1 sample. From an observational point of view, the luminosity
distance dL(z) defined as
dL(z) = (1 + z)H0
∫ z
0
dz′
H(z′)
, (31)
determines the dark energy density. Moreover, the distance modulus for Supernovae is given
by:
µ(z) = 5 log10
(
dL(z)/H0
1Mpc
)
+ 25 . (32)
The best fit of the distance modulus µ(z) as a function of the redshift z for the MCG
cosmological model and the Supernova Type Ia Union 2.1 sample is shown in Fig.3. The
best fit corresponds to Ωm = 0.044, A = 0.183, As = 0.714 and α = 0.613. From the curve,
we see that the MCG model is in good agreement with the Union 2.1 sample data, indicating
the validity of the model.
9
0.0 0.5 1.0 1.5
30
35
40
45
z
Μ
Hz
L
FIG. 3: Plot of the distance modulus µ(z) versus the redshift z .
V. CONCLUSIONS
In this work, we have used the formalism of GTD to construct a cosmological model
for describing the dark sector of the universe. First, we found a particular fundamental
equation that determines an equilibrium space embedded in the phase space by means
of a map, satisfying the Nambu-Goto variational principle. It relates the entropy of a
thermodynamic system with its internal energy and its volume. Moreover, it allows us to
find all the physical properties of the system by using the standard laws and computational
tools of classical thermodynamics.
The GTD fundamental equation leads to an equation of state which is then used to inte-
grate the Friedmann equations of relativistic cosmology. By analyzing the physical proper-
ties of the resulting model, we conclude that from GTD it is possible to obtain fundamental
equations for thermodynamic systems that can be used to develop physically reasonable
cosmological models. In particular, we applied the formalism of GTD to construct a gen-
eralization of the MCG cosmological model. It turned out that this fluid corresponds to
an equilibrium space with non-zero thermodynamic curvature, indicating the presence of
internal thermodynamic interaction. We performed a detailed analysis of the behavior of
the MCG and obtained that MCG, as a unified model for dark energy and dark matter, is
perfectly consistent with the current SNe observations.
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